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Two common classes of fi l te r functions in use today, Butter-
worth functions and Chebyshev func tions, are based upon solutions to 
special cases of the Sturm- Liouvi lle equation. Here, solutions to 
several other special cases of the Sturm-Liouville equation were used 
to develop filter functions , and the p r operties of t he resulting 
filters were examined . 
The following functions were explo r ed : Chebyshev f unctions of 
the second kind, untraspherical functions o f t he second and third 
kinds, Hermite functions 1 and Legendre functions Filter functions 
were developed for each of the firs t f i ve pol ynomials in each series of 
functions, and magnitude and phase responses we re tabulated and 
plotted . 
One of the classes of functions, the Hermite functions, led to 
filters which have a significant advant a ge ove r the commonly used 
Chebyshev filters in passband magni tude r e s ponse, and were essentially 
the same as Chebyshev f il t e rs i n s topband magnitude response and phase 
response . 
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Low-pass electrical filter functions fall into two classes: 
those with polynomials in their numerators (numerator dynamics), and 
those with only constants in their numerators. A corrunon example of 
filter functions falling into the first category are ones based upon 
elliptical functions. In the second category, the common t ypes. of 
filter functions are based upon Chebyshev functions and Butterworth 
functions~ This paper is concerned with electrical filters which, like 
Chebyshev filters, have only constants in their numerators. 
Curre ntly, the standard filters in the second category are 
Butterworth filters and Chebyshev filters . Both of t hese filters are 
based upon mathematical functions which are themselves solutions to 
special cases of the Sturm-Liouville equation, an equation which arises 
repeatedly in many branches of applied mathematics . Since these two 
functions were derived from the Sturm-Liouville equation, it seemed 
reasonable that some other solutions to the same equation might have . 
interesting properties when applied to filters. Several other special 
solutions to the Sturm-Liouville equation were explored to determine 
the behavior of the fi lters which would result from them, and the 
results are presented in this paper. 
CHAPTER II 
THE STURM-LIOUVILLE EQUATION 
The basic matheLatical equation upon which all the work in 




dy J p(x) dx + q(x) y + A r(x) y = 0 
where p(x) > 0, p' (x) and q(x) are continuous, 
and A is a constant which can take on different values. 
This equation can be rewritten as: 
d2y 
p ( x) -
2 
+ [p ' ( x) + q ( x) ] y + A r ( x) y = 0 
dx 
When th~s equation is solved subJect to appropriate boundary con-
d'tions, the results are the functions of interest here. There is one 
solution for each value of A, so each value of p, q, and r yields a 
whole family of solutions . 
Any p, q, and r satisfying the above conditions will lead to a 
solution of the equation. The following special cases of this equation 
were explored! 
1 
Larry C. Andrews, Lecture Notes from the course "Methods of 
Mathematical Analysis, .. Spring, 1977, University of Central Florida, 
Orlando, Florida. 
2 
A. Butterworth Filter Functions 
If p(x) = 0, q(x) = -x, and A. = n, 
then the equation becomes: 
-x dy + n y :::; 0 
dx 
The solutions to this equation are: 
BW {x) 
n 
n = X • 
This series of polynomials is the basis of the Butterworth 
Filters. 
B. Chebyshev Functions of the First Kind
2 
x dy + n 2 y = 0 
dx 
Then the solution to this is given by: 
n 





(x) = -x 
T2 (x) = 2 
T 3 (x) = 4 
T
4 
(x) = 8 









(-l) m (n-m-1)! ( 2x) n-2m 
n! (n-2m) ! 
of these solutions are: 
1 
3 X 
8 x2 + 1 
20 x3 + 5 X 
3 ' 
2 These and th,e following equations and functions are taken from 
Milton Abramowitz and Irene A. Stegun, eds., Handbook of Mathematical 
Functions with Formulas, Graphs, and Mathematical Tables (Washington, 
D.C.: National Bureau of Standards, 1964). 
'This series of po·lynomials leads to the Chebyshev Filters. 
c.. Chebyshev Functions of the Second Kind 
2 d
2 
_( 1 - x ) -'=--X - 3 x dy + n ( n + 2 ) = 0 
2 dx 
dx 
The solution is given by: 












(-l)m (n-m) ! ( 2x)n-2ll! 
m! (n-2m) ! 
of these solutions are! 
u
2 










6 - K 6 X + X 
u (x)' 32 
s 3 
;;;;;; X 32 X + 6 X 
5 
As far as the writer could determine, these funct.ions have 
not been used before to produce filbers~ 
D Ultraspherical Funct ions 
2 d
2 a 
(1-x ) ~ - (2~ +1) x ~ + n (n + 2n) y = 0 
dx 
The solution t:o. this equation is given by: 
C (a) r(x) = 1 




rn r '(a+n-m) n- 2m 1 
(-1) ' (2x) ; a.>-
m ,! ~(n-2m) ! 2 
There are many solutions depending upon the values of 
cr. and n :. 
4 
5 
1. If a = 0, these solutions a r ,e the s a me· as T (x) .. 
n 
2 .. If a. = 1, these solutions a r e the same as u ( X)' • 
n 
3 .. If ex = 2, the solutions are : 








12 c 3 = X - X 








c s = X - 1610 X + 24 X 
4. If (l ':::;; 3, the solutions are: 
( 31) 
(x) 0 Sx c 1 = 
( 3) 
(x) 24 
2 c = X ... 3 2 
c (3) (x) 80 3 24 = X - X 3 










+- 60 c 5 = X - X .X 
As far as the writer co ul d determine, the functions of order 
great er than zero~ have not be,en used be fo.re to produce filters. 
E. Hermite Func't ions 
2 
~ - 2 x dy + 2 n y = 0 
2 dx 
dt 
The solution to this equation is given by: 
[~] 
Hn(x) - n! 2: ( -l) m 1 (2x) n-2rn rn! (n-2m) ! 
m=O 
The first five of these solutions are: 
H
1 
(x) ,_ 2 X 
H
2 

















= 32 X - 160 X 3 + 120 X 
As far as the writer could determine, these functions have 
not been used before to produce filters. 
F. Leg~engre Functions 
2 
(1 - x2 ) ~ - 2 x dy + n (n + l) y - 0 
2 dx 
dx 
The solution to this equation is given by: 
1 







(-l}m ( n) ( 2n-2m \ 
m n 1 
The first five of these solut1ons are: 
Pl (x) = X 
P 2 (x) 1.5 
2 o.s = K 
P 3 (x) 2 .. 5 
3 
1.5 -= X X 
P 4 (x) 4.375 
4 2 
0. 375 ::!: X - 3.75 X + 
Ps (x) 
5 3 




As far as the writer could determine, these functions have 
not been used before to produce filters . 
All of these functions were used to produce filters, and the 




The general approach to convert a ma.thematical funct.ion into a 
useful filter function is outlined in Chapter 6 of Digital Signal Pro-
3 
i_l iam D ... Stanley. The first step in the process cessing, by 
involves taking the polynomial and developing a magnitude-squared 
expression from it . The resulting expression is as follows: 
2 1 
A (w ) = ------2 2 
1 + e: f {w) 
where f( w) is the po l ynomial o f interest and £ is a scaling factor. By 
proper selection of e: , the amplitude-squared function can be limited to 
any desired range of variations over the passband of the filter; for 
example , variations can be limited to 3.01 decibels. After selecting 
e , the freq ency at which the passband of the filter ends is then 
determi ed, and a normalized function ~s produced by employing the 
substitution 
w = n; we = cutoff frequency 
We 
2 
resulting in a function A - (Q), which has a cutoff frequency of 1. 
Then, the substitution Q = p is made, where p is the normalized Laplace 
j 
3 . . . . . l . ( ~ t W1.ll1.am D .. stanley, Dl.gJ..tal Sl.gna ' ProcessJ.ng Res on, 
Virginia: Reston Publishing Company, Inc., 1975). 
B 
9 
Transform variable, and the result is a magnitude-squared function in 
p. This function is factored , and the poles on the left half-plane are 
collected and multiplied together to produce the real filter function. 
Finally, a numerator consta.nt is selected for the normalized filter 
function in order to make its sh~pe correspond exactly to that of the 
original function, and to make its cutoff frequency occur at precisely 
the right point. 
To illustrate this technique, use the Fourth Order Hermite 
Function, H4 (x). 
4 2 = 16 X - 48 X + 12 
For this function, 
2 1 
A (w) ::c --~2--~4----2----2 
1 + £ [16w - 48w + 12] 
To select this function so that the maximum variation in the passband 
is 3. 01 decibels,, e: must be chosen to be 0. 04166666 7. When £ is 
0 04 1 666667, then the end of the passband occurs at w = 19797790534 
c 
radians per second. The resulting function, upon the substitution 
w 




A <n> = 48.49871114 nB - 90.03332084 n6 
+ 48 .748711 28 n4 - 6.46410162 n2 + 1.25 
and the Laplace transform function becomes 
2 - 1 
A (p) = 48.49871114 p8 + 90.03332084 p6 
4 2 + 48.74871128 p + 6.4610162 p + 1.25. 
10 
The resulting poles are: 
p = ± 0 . 2561007923 ±j 0.3366849411 
± 0 . 0914603397 ±j 0.9427614183 
Taking the left half-plane poles and multiplying them out, the result 
is 
A(p) 
0 . 1435935397 
= ~------------------~--------------~ p4 + 0.6951222640 p3 + 1.169800713 p2 
0 . 4922614911 p + 0 1605424579 
The 1 st ftmction is the normalized low- pass filter function 
resulting from the fourth order Hermite pol nomial. Its magnitude and 
phase respo se ma be found tabulated and plotted in Chapter V, and 
conclusions are found in Chapter VI . 
CHAPTER IV 
I TERMEDIATE STEPS AND FINAL FORMS OF 
THE FILTER FUNCTIONS 
The following list contains t .he r ,esults of applying the 
techniques of Chapter III to the functions in Chapter II. 
A. Butterworth Functions 
1. B (x) = X 1 
t: = l 
- 1 
we 
2(p) 1 = 2 
p - 1 
p = ± 1 
A(p) 
1 




2 - X 
e; - l 
We ~ 1 
2 1 
A {p) = 4 
p + l 
p = ± 0.707106781 +' -] 0. 707106 781 
1 
A(p) = 2 








A (p) ~ ----
6 
P. - 1 
p = ± 1 
p = ± 0.5 ±j 0.866025404 
A(p) 
1 
= 3 2 




4 - X 
e: :::: 1 
w = 1 
c 
2 1 
A (p) - 8 
p + 1 
p = 0 .. 923879533 +" -] 0.3B26B3433 
p = ± 0.3B26B3433 + 0> -] 0.923879S33 
1 
A(p,)r = 4 3 2 
p + 2.613125934 p + 3.1414213565 p 








A (p)' = 10 
p - 1 
p - ± 1 
12 
13 
p = ± 0.809016995 +' ~J 0 .. 587785252 
p = ± 0 .. 309016994 ±j 0 ,. 951056516 
A(p) 
1 
= 5 4 3 
p + 3 .. 236067978 p + 5.236067978 p 
2 . -
+ 5.236067978 p + 3.236067978 p + 1 
B. Che byshev Functions of the First Kind 
1. T
1 
(x) ::::; -x 
E = 1 
We = 1 
2 1 
A (p ) = 2' 
p .... 1 
p = ± 1 
A(p), 
1 
= p + 1 
T
2 
( x ) 
2 
2. = 2 X 1 
e: = 
w c = 1 
2 1 
-- {p ) = 2 
p + 4 p + 2 









3 ::: X - X 
E: = 1 
w = 1 c 
14 
2 1 
A (p) = 6 4 2 
16 p + 24 p + 9 p - 1 
p = ± 0. 298035,819 
p = ± 0.1490179099 +' -J 0.903669472 
0.2499998518 
A(p) - ~--~----~----~--------~~----------------3 2 
p + 0.5960716388 p + 0.9276502017 p + 0.2499998518 
4 2 
4. = 8 X - 8 X + 1 
E = 1 
We = 1 
2 1 
- - (p) _,.. a 6 4 2 
64 p + 128 p + 80 p + 16 p + 2 
p = ± 0 0850057463 + ' -J 0 .9463981564 
p = ± 0 . 2052220257 +. - J 0.3920109518 
0.125 
(p) - ------------------~ 3 2 
p + 0 580455544 p - + 1.168464319 p 





5. = 16 X - 20 X + Sx 
£ = 
we, ~ 1 
2 1 
A- (p) .... 
10 8 6 4 2 
256 p + 640 p + 560 p + 200 p + 25 1? -1 
p = ± 0.177189028 
p = ± 0.054 7544.207 +' -J 0 .. 9658707999 
p = ± 0 ,.1433489346 ±j 0.5969409831 
0 .. 0625 
A (p) = -;;- ....-------~-------
5 - 4 3 
p + 0.573395738 p + 1.414391336 p 
2 
+ 0.547769658 p + 0.407587361 p + 0 .0625 
c. Chebyshev Functions of the Second Kind 
1. u
1 
(x) - 2 x 




A (p) - 2 
1 
p .... 1 
p = ± 1 
A(p) 
1 





= X l 
E = 1 
we= 0 . 7071067812 
2 1 A (p) = --4.........._-..........;....___2 __ 
I p + p + 2 
p = ± 0.3217971265 ±j 0.776886987 
1 
A(p) = ---------------------------2 




(x) = 8 X - 4 X 
€ = 0 . 8164965809 
we :::: 0.9185586535 
A2(p) l = 
6 4 2 
16 p + 24 p + 9 p - 1 
15 
16 
p = ± 0 . 298035819 
p = ± 0.1490179099 ±j 0.903669472 
0 .. 2499998518 
A{p) = ~--------------~---------------------------3 2 
p + 0.5960716388 p + 0.9276502017 p + 0.2499998518 
4. U (x) = 16 x 4 
E = 1 
w = 0.6123724 357 c 
2 1 
A {p) = 6 8 4 2 
5 .10205079 p + 10.12500001 p + 9.5625 p + 4.5 p + 2 
p = ± 0 . 883637453 ±j 0 5975936614 
= 0 . 2979 8 868 +. -J 0 .9810210629 
p 1.57262 
+ 1 381638697 p + 0 . 6260984127 
5 
5 3 = 32 X - 32 X + 6 X u
5 
(x) 
£ = 0.6968279823 
we = 0 .913275859 
2 1 
A (p} = ------------------------------------------~ 0 8 6 






p = - 0.2 55891797 
p = ± 0 . 1657095556 ±j 0.5687952566 
p = - 0.0579 49648 ±j 0.9640856927 





+ 1.418613373 p 3 
2 
+ 0.6348578621 p + 0.40282148 p + 0.0705853463 
D. Ultraspherical Functions 
1. Ultraspherical Functions of the Second Kind 
a • c
1 
( 2 l ( x) = 4 x 
b 
c .. 
E: == 0 .5 
2 1 
A (p) = 2 
p - 1 
p = 1 
A(p) 
1 
= p + 1 
c2 (2) (xl 2 - 12 X - 2 
E: ::: 0.5 
We = 0.5773502691 
2 1 
A (p) = --------4 2 
p +4p +2 




p + 0.643594253 p + 0.707106781 
C 
3 
( 2 ) ( xl == 3 32 X - 12 X 
e: = 0. 35 355 33906 




A (p ) = 6 4 2 
16 p + 24 p + 9 p - l 
p = ± 0 . 298035819 
p = ± 0 . 1490179099 +' -] 0 1 9036694 72 
0 . 2499998518 





+ 0 . 9276 502017 p 
+ 0 . 2499998518 




== X - X + 3 
e = 0.2380952381 
We = 0.7899601476 
2 1 
(p) = ---------------------~----------------- 8 . . 6 4 
55.020287 p - + 105 . 8019649 p + 61. 4598335 p 
2 
+ 10 ~ 1883598 p + 1 . 5102041 
p = ± 0.2310730855 _j 0 . 36 15655889 
p = ± 0.0884628212 ±j 0 . 9444427798 
0.134815111 2 (p) = _4 _________ 3________ 2 
p + 0 . 639071813 p + 1 . 165687789 p 
+ 0 8 1 4599 p + 0 . 1656747778 




24 e . = 192 X - X + X 
e;: ..... 0 "' 16 3304096 
We - 0. 84 301 81322 
2 1 
A {p) - 10 8 
178 . 22382'9B p + 41 7 ,. 965744 7 p 
6 4 
+ 333 . 2686977 p + 10 3. 44 36 01 p 
10 .. 9 1 66 7725 
2 
+ p - 1 
2. 
19 
p ~ ± 0.2367678498 
p = + 0.1778941527 ±j 0.5550403717 
p = ± 0 . 0595102266 ±j 0 .9631895333 
0.07490608759 
A(p) = ~--~----------------------------5 4 3 
p + 0.7115766084 p + 1.425757222 p 
- 2 
+ 0 . 6827262777 p + 0 . 4043925479 p + 0.07490608759 
Ultraspherical FW1ctions of the Third Kind 
a .. cl (3) (x) = 0.5 X 
£ = 2 





p - 1 




p + 1 
c2 (3) (x) 
2 
= 24 X - 3 
£ ::: 0 .. 333333333 
We = 0 5 
2 1 
A (p) - 4 2 
4 p + 4 p + 2 
p = ± 0.3217971265 +' -J 0.7768869 87 
1 
A (p) = --------------
2 




c3 ( 3) (x) "' 
3 
80 X - 24 X 
e:: = 0 . 1976423538 
We = 0.632455532 
2 1 
A (p) = - - -:-------- ---6 4 2 
16 p + 24 p + 9 p - 1 
p = ± 0 . 298035819 
p = ± 0.1490179099 ±j 0 . 903669472 
0.2499998518 
(p) = --:-- -------- ------3 2 
p + 0.5960716388 p + 0 . 9276502017 p 
+ 0 .. 2 99998518 
c4 ( 3) (xl "' 2 2 0 X - 120 X + 6 
£ = 0 .111111111 
we= 0 .723782618 
20 
2 l 
A (p) ~ -----------------------------------
53.555325 p
8 
+ 102 . 2318832 p
6 
+ 58 . 54520304 p
4 
2 
+ 9 . 313089 0 p + 1 . 44444 444 
p = - 0. 2 36158865 3 ±j 0 3561740261 
± 0 0890952363 ±j 0 . 9440869585 
0 .1 366 65498 
A(p) = ~~------------------~------~ 4 3 2 
p + 0.65050820 32 p + 1 . 1660 3161 3 p 
+ 0.4572692152 p + 0 .164 22871 39 
CS (5) (x) = 
5 3 
672 X - 480 X + 60 X 
E: = 0 . 0642305868 
we= 0 . 78576771 52 
21 
2 1 
Cp> = ------=--lo=---~------s-=---------6 
167.17223 p + 386 . 7922233 p + 30 2.0404503 p 





p = ± 0 2494412878 
p = ± 0 . 1849977142 ±j 0.5468213123 
p = ± 0 . 0602770735 ±j 0 . 962715878 
0 . 07734245126 
(p) = ---------------------~------~-5 4 3 
p + 0 . 7399908632 p + 1 . 430660691 p 
2 
+ 0 . 71078073 1 p + 0 . 4059572967 p + 0.07734245126 
E. Hermi e FW1ct · ons 
1~ H ( x) = 2 X 
e: = l 
We = 1 
2( 1 = 2 
- 1 




2 . H2( = X - 2 
e: = 0 5 




A = 4 2 
4 p + p + 2 
p = ± 0 . 3217971265 +' -J 0 . 776886987 
22 
A(p) = 2 
1 
p + 0.643594253 p + 0 . 707106781 
3. a
3
(xl - 8 x
3 
- 12 x 
4. 
5. 
e = 0.1767766953 
_we = 1.414213562 
_ 2 1 
A (p) = ~----------
6 p4 + 9 p2 16 p + 24 - 1 
p = - 0.298035819 
p ~ ± 0.1490179099 ±j 0.903669472 
0.2499998518 
A(p) = ------~~~-----------------------------------3 2 





= 16 X - 48 X + 12 
e: = 0 . 04166666'7 
we = 1 797790534 
2 1 
A (p) = --~~------~----~------~~---------------8 6 4 
9871114 p + 90.03332084 p + 48.47871128 p 8 
2 
+ 6, 6410162 p - + 1.25 
p - ± 0.2561007923 ±j 0.3366849411 
p = ± 0 091 603397 ±j 0.9427614183 










== 32 X .... 160 X: + 120 X 
e: = 0 .. 0077287894 
w = 2.14344 7019 c 
23 
2 1 
A (p ) = 10 8 6 
125 2132926 p + 272.53666 p + 192.7892367 p 
4 2 
+ 48 . 41 781471 p + 3.95194549 p - l 
p = ± 0 . 30814814 34 
-P = ± 0 .2185204 761 + ' -J 0 .5150121958 
p = ± 0 . 0644464064 +' -J 0.9604344132 
0 . 08936 65 06 74 
A(p) = ~----------------~------------~--------------~ 5 4 3 2 
p + 0 . 8740819084 p + 1.470299238 p + 018446303115 p 
+ o. 272294814 p + 0 . 08936650674 
F Legendre Functions 
1 P 1 (x) = X 
£ = 1 
w = 1 
c 
2 ( ) 
1 
= 2 
p ... 1 
p = 1 
- (p) 1 = 
+ l 
P 2 (x) 5 
2 
0 .5 2 . ~ 1 X -
E = 2 
We - 0.8164965809 
2 1 
A (p ) = 4 2 
4 p + p + 2 
p = ± 0.3217971265 + ' - J 0.776886987 
3. 
5 . 
{p) = 2 
1 
p + 0.643594253 p + 0.707106781 
P 3 (x) 
3 = 2 . 5 X - 1.5 X 
€ :::: 2 .. 236067977 
we = 0 .. 894427191 
2 1 
A (p) = 6 4 2 
16 p + 24 p + 9 p - 1 
p - ± 0 .298035819 




p + 0.5960716388 p + 0.9276502017 p + 0 .2499998518 
P (x) = 4 2 375 X - 3.75 X + 0.375 
E = 2.333333333 
We - 0.9333799316 
2 1 
(p) = ----~~--------~~-----~--------------~ 8 6 4 
60 . 0312 596 p + 118 .1 254961 p + 71 . 66884597 p 
2 
13 3 02285 p + 1.765625 
p = ± 0 .2156321966 ±j 0 . 3791047237 
p = - 0.0864518243 ±j 0 9455778847 
0.1290658426 
(p) = 4 . 3 . . 2' 
p + 0.6041680218 p + 1.166376269 p 




== 7 .. 875 X 
E = 2 . 38267168 
3 
8 75 X + 1_875 X 




A (p ) = 10 8 6 220 . 9841934 p + 539 . 016873 7 p + 455.467 312 p 
154.6181235 
4 2 
+ p + 18 . 18349183 p - 1 
p :::: ± 0 . 1995976308 
p = ± 0 . 1564467685 +' -] 0 . 5799552648 
p :::: ± 0.0566479535 ±j 0,.9647997193 
0.0672696852 
(p) = ~--------------~------------~---------------5 4 3 2 
p + 0.6257870748 p + 1.41538715 p + 0 . 598666 140 3 p 
+ 0. 035198814 p + 0.0672696852 
The magnitude and phase repsonses of these functions are given 
in the next chapter. 
CHAPTER V 
~G ITOOE D PHASE RESPO SES FOR THE FILTER FUNCTIONS 
The magnitude and phase responses of the various filter 
functions given in Chapter IV are described in the tables and figures 




LOGARITHMIC MAGNITUDE AND PHASE ANGLE AS A FUNCTION OF FREQUENCY FOR 
(2) 










0 . 0 
0 . 1 
0 2 
0 . 3 
0 . 
0 5 
0 . 6 
0 . 7 
0 . 8 
0 .. 9 
1 . 0 
1 . 1 
1 . 2 
1.3 
1 

















Log Magnitude (dB) 
0 . 0000 
- 0 . 043213738 
- 0 . 170333393 
- 0 . 374264979 
- 0 . 644579892 
- 0 9691001301 
- 1.335389084 
- 1.731862684 
- 2.148438 8 
- 2.576785749 
- 3.010299957 
- 3 .. 443922737 
- 3 . 873898263 
- 4.2975228 
- 4.712917111 




- 6 . 637009254 
- 6.989700043 
- 8 . 603380066 
- 10.0 
-11.22215878 
-12 . 30448921 
Phase Angle (Deg) 




-21. 80140 9 
- 26.5650511 
-30 . 9637565 
-34.9920 202 
- 38 . 65980825 
- 41.9872125 





















Log agnitude (dB) 











LOGARITH IC MAG ITUDE AND PHASE ANGLE AS A FUNCTION OF 




Frequency Log agnitude (dB ) Phase Angle (Deg) 
0 . 0 




0 . 5 
0 . 6 
0 .7 
0 . 8 
0 9 
1 .. 0 
1 . 1 
1.2 
1 . 3 
l . 
1 . 5 
1 6 
1 . 7 
1 8 
1 . 9 
2.0 
2 . 5 
3.0 
3 5 
4 .. 0 
4 . 5 
0 . 0 
- 0 . 0004342728 
- 0 . 0069431587 
- 0 . 0350361474 
- 0 . 1097801217 
- 0 . 2632893872 
- 0 .5292468371 
- 0 . 934567075 
- 1.490958911 
- 2 . 190865572 
- 3 . 010299957 
3 . 916583287 
. 876473475 
- 5 . 861 82879 
- 6 . 849889063 
- 7 . 826517516 
- 8 . 781539831 
- 9.70909142 
-10.60607196 
- 11 . 47122671 
-12 . 30448921 
-16.027380 47 
-19.13813852 
- 21 . 79156668 
- 24 . 09933123 
- 26 .. 13907859 
0 .0 







- 72 .34903119 


















5 . 0 
5 . 5 
6 . 0 
TABLE 2--Cont inued 
Log Magnitude (dB) 
- 27 . 96574333 
-29 . 61925105 
-31 . 12939976 
30 
Phas~ Angle {Deg) 





LOGARITH IC MAG ITUDE AND PHASE ANGLE AS A F CTION OF FREQUENCY FOR 








0 . 0 
0.1 
0 . 2 
0 .3 
0 . 
0 . 5 
0 . 6 
0 .7 
0 . 8 
0 . 9 
1 0 
1 . 1 
1 2 
1 . 3 
l 4 
1 .. 5 













(x), and P 
2 
( x) 
Log agnitude (dB) 
- 3 .. 010299954 
- 2 . 923446936 
- 2 . 663257912 
- 2.233 01587 
- 1 650661782 
0 9691001281 
- 0 327798 905 
- 0 . 0017368302 
- 0.327798 928 
- 1 12615908 
- 3.010299959 
- ' .7 9 889323 
- 6 . 565198287 
- 8.237610559 
- 9 789288131 
-11 22215878 
- 12 .. 54654 02 
-13.77459247 





- 27. 2921423 
-29.83175072 
Phase Angle (Deg) 




- 25 .1990390 3 
35.14503868 
- 48.04839397 
- 64 .27025966 
- 82 .57 415937 


















Frequency Log Magnitude (dB) Phase Angle {Deg) 
4.5 - 31 . 93472451 -171.570361 
5 . 0 - 33 .. 80573003 -172.4542145 
5 . 5 ·- 35 . 49156588 -173.1675104 
6.0 - 37.02602841 -17 3.7558312 
33 
TABLE 4 
LOGARITHMIC G !TUDE -o PHASE ANGLE AS A FUNCTION OF 
Frequency 
0.0 













1 . 5 
' . 6 




2 . 5 
3 . 0 
3. 5 
4 . 0 
4 . 5 
FREQUE CY FOR FUNCTIO S DERIVED FROM BW (x) 
3 
Log agnitude (dB) 
0 . 0 
- 0 . 0000043429 
- 0 . 0002779396 
- 0 . 0031648533 
- 0 . 0177523699 
- 0 0673338266 
- 0~198039674 
- 0 .. 830543387 
- 1.011089071 
- 1 851002699 
- 3 . 010299957 
. 272 15 
- 6.005355511 
- 7.65 30782 
- 9.30925 065 
- 10 . 93093213 
- 12 . 9863749 
-1 . 00323276 
- 15 . 44219698 
16 . 81656161 
- 18 .,1291 3357 
- 23.89415289 
- 28 . 6332286 
- 32 . 64644454 
-36 . 12465964 
- 39. 1932738 
Phase Angle (Deg) 
0 . 0 
- 11.47 848204 
- 23.07822141 
- 34.94 509876 
- 47 ... 26475455 
- 60 .2551187 
- 74.11614627 
- 88.91600864 
-104 . 43 20629 
- 120 . 066474 
- 135. 000000 
- 148 .5345419 
-160 .3307 323 
-17 0 .3893951 
-178 .9013115 
-186.1155036 













6 . 0 
TABLE 4- Continued 
Log agnitude (dB) 
-41.9384782 
- 44 . 42191826 
- 46.68916811 
34 






LOGARITHr IC MAGNITUDE AND PHASE ANGLE AS A F UNCTION OF F REQUENCY FOR 
FUNCTIONS DERIVED FROM T 3 (x) I U3 (x)' c3 (
2
) (x) I 
Frequency 
0 . 0 
0 .1 
0 .. 2 
0 . 3 
0 .. 
0 5 
0 . 6 
0 .7 
0 . 8 
0 .. 9 
1 0 
1 . 1 
1 .. 2 
1 .3 
1.4 
1 . 5 
1 . 6 
1.7 
1 . 8 
1 . 9 
2 . 0 
2 . 5 
3 . 0 
3 . 5 
4 . 0 







Log Magnitude (dB ) 
0 . 0 
- 0 . 3647558 235 
- 1 . 214363762 
- 2 . 114579628 
- 2 . 767226597 
- 3 . 010298212 
- 2 . 732547809 
- 1 8 6864925 
- 0 •. 5072884197 
- 0 . 1980431347 
- 3 . 010311188 
7 . 072796745 
- 10.78071395 
- 13 96070219 
- 16 . 71304946 
- 19 . 13814646 
- 21 .. 30942284 
- 23 . 278921 32 
-2.5 . 08413479 
- 26 . 75278176 
- 28 . 30589316 
-34 . 80869517 
- 39 . 9131 526 5 
-44 .13669059 
- 47. 74787491 
Phase Angle (Deg) 
0 .0 
- 20.60755759 




- 84. 063800 6 





-225 .. 303369 














Frequency Log agni tude (dB ) Phase Angle (De g) 
4 . 5 - 50 . 90618295 -262.2584126 
5.0 - 53 . 71485856 - 263. 0 594592 
5 . 5 - 56 . 24490954 -263. 708 2588 
6 . 0 - 58 . 5474186 - 264.2 448843 
37 
TABLE 6 








0 . 6 
0 . 7 








1 . 6 
1 7 
1.8 




3 . 5 
4.0 
4 . 5 
FREQUENCY FOR FUNCTIO S DERIVED FROM BW (x) 
4 
Log agnitude (dB) 
0 . 0 
- 0 . 0000000 37 
- 0 . 000011119 
- 0.0002849336 
- 0 0028 526 1 
- 0 .0169315861 
.... 0 . 0723389823 
- 0 . 2 3 _15767 
- 0 6735 11867 
- 1 . 55 779 86 
- 3.0102999 3 
97 257357 
- 7 .2 260872 
- 9.617677854 
-11.97 '98081 
- 1 . 2535333 
-16 2955649 
- 18 . 49772938 
--20 . 461032 8 




- 43 .5 256364 
- 8 . 16486558 
.... 52 25702693 





- 61 .36886822 






-199 . 9045849 
-216.8217111 
-230 .7673918 






-282 .. 0367887 
-298.6311318 







6 . 0 
TABLE 6--Continued 
Log Magnitude (dB) 
-55.91761147 
-59 .229020 35 
-62.25210262 
38 















0 . 7 
0.8 
0.9 
1 . 0 
1 . 1 








2 . 0 
2.5 
3 . 0 
3 .• 5 
4.0 
4.5 
FREQUE CY FOR FUNCTIONS DERIVED FROM T (x) 
4 
Log agnitude (dB) Phase Angle (Deg) 
- 3 . 010299942 
- 2 . 666720337 
- 1 . 702534502 
- 0 . 878624125 
... 0 . 0244903226 
0.9691001144 
- 2 . 33246516 
- 3 . 006825596 
- 2 . 33246517 
- 0 . 226153 799 
- 3.010299991 
- 10.08509722 
- 15 7784017 
-20.32151621 
- 24 .1 278365 









- 65 . 67054847 





- 82 .93288838 
- 112.2152905 
-134.3369692 





















5 . 5 
6.0 
TABLE 7--Continued 
Log Magnitude (dB ) 
- 73 . 626634 31 
- 77. 00005181 
- 80 . 07007 2 34 
40 






LOGARITHMIC MAGNITUDE AND PHASE ANGLE AS A FUNCTION OF 
Frequency 
0 . 0 
0 .1 
0.2 




0 . 7 
0.8 
0.9 
















FREQUENCY FOR FUNCTIONS DERIVED FROM U (x) 
4 
Log Magnitude (dB) Phase Angle (De g) 
2.924861568 
- 2.828126S04 
- 2.5501139 13 
- 2 .. 129741822 
- 1.63667012 
- 1 . 167334009 
- 0.822811591 
- 0.6843034942 
- 0 . 8440501598 
- 1.51177165 
- 3 . 010299956 
- 5 .. 23354643 
- 8 . 398806251 
-11.51448971 
- 1 . 53 67561 
-17.37425154 
- 20 . 0179746 
- 22 . 47628937 
-24 . 76708488 










- 40 .62962816 
- 56 . 86246647 
- 75.11320931 
- 95.45061647 

















- 3 36 • 7 0 9 0 0 0 3 
-339.4434814 
Frequency 
5 . 0 
5.5 
6 .. 0 
TABLE 8--Continued 





Phase Angle (Deg) 
-341.5920808 
-343.3276335 
-344 .. 760022 
TABLE 9 
LOGARITHMIC MAGNITUDE AND PHASE A GLE AS A FUNCTION OF 





Frequency Log Magnitude (dB) Phase Angle (Deg) 
0 . 0 
0 . 1 
0 . 2 
0 . 3 
0 
0 . 5 
0.6 
0 . 7 
0.8 
0.9 
1 .. 0 









2 . 0 





- 1 . 790356451 
- 1.505603443 
- 0.7714069286 
- 0 . 0755858347 
- 0.2371800314 
- 1 .. 35 891797 
- 2.541665577 
- 3.007538067 
- 2 198787763 
- 0.163 662382 
3 . 010299741 
- 9.855103505 
- 15 327648 
-19.91043518 
- 23 .. 67335018 
- 26 '" 94 329684 
-29 85090 3 
-32. 789083 
- 34.88315806 
- 37 .10332292 
-39.16873922 
- 47 . 81484989 
-54.60516777 
- 60 .2 2673992 
- 65 . 03520614 





- 88 . 02917011 
-113. 6646046 
-133.511451 
- 150 .2114759 
- 169.539806 
- 206 . 973225 


























Phase Angle {Deg) 
- 352.5780717 
-353.2687223 
-353. 8406 74 3 
TABLE 10 
LOGARITHMIC MAG ITUDE AID PHASE ANGLE AS A FUNCTION OF 

































- 1 . 597008425 
- 1 . 32601089 2 
- 0 . 6415367159 
- 0 .. 0409309978 
- 0.2916599141 
- 1.420998176 
- 2 . 57 346387 
- 3 . 005113498 
.... 2.17 313417 
- 0 . 1533747058 
- 3 . 010299699 
- 9 . 81465964 
- 15 . 37167238 
- 19 . 83760399 
- 23 . 59271902 














- 60 .60540687 















-338 .. 2082509 
-339 .. 5445325 
-344.2279358 
- 34 7 • 0 9 5119 2 
-349.0546398 
-350.4863228 
-351 .. 5812081 
Frequency 
5 . 0 
5 . 5 
6 . 0 
TABLE 10--Continued 
Log agn i t ude (dB ) 
-72 . 86883 705 
- 76 . 23945989 
-79.30736112 
46 
Phase Angle (Deg) 
- 352.4470406 
- 353.1496006 
-353 . 7314774 
47 
TABLE 11 
LOGARITHMIC MAGNITUDE AND PHASE ANGLE AS A FUNCTION OF 
Frequency 
0 . 0 
0 ., l 
0 .2 
0 . 3 
o. 
0.5 
0 . 6 
0 7 








1 . 6 
1 7 
1 . 8 
1 . 9 
2 . 0 
2 . 5 
3 . 0 
3 . 5 
4.0 
4.5 
FREQUENCY FOR FUNCTI ONS DE RIVED FROM H (x) 
4 
Log Magnitude (dB) Phase Angle (Deg) 
.... 0.9691001274 
- 0 .7559962308 
- 0 .. 2685831074 
- 0.0027921549 
- 0.5181537966 
- 1 . 653768508 
- 2.682862915 
- 2 . 99001411 
- 2.083031374 
- 0.1191451754 
- 3 .. 01029937 









- 38 . 69754348 
-47.31487754 
- 54 . 09015356 
- 59 . 70283076 
- 64 .5055894 
-68.708 34 7 
0.0 
- 18.04732216 



























6 . 0 
TABLE 11--Continued 
Log Magnitude (dB) 
-72.44 7 30876 
-75. 816324 3 
-78 . 88300627 
48 
Phase Angle (De g) 
-351.9360 366 
-352.6850169 
- 35 3. 3055842 
49 
TABLE 12 
LOGARITHMIC tiJAGtTITUDE AND PHASE ANGLE AS A FUNCTION 0:? 
Frequency 
0 . 0 
0 . 1 
0 . 2 
0 . 3 
0.4 
0 . 5 




1 . 0 
1 1 
1 . 2 
1.3 
l. 




1 . 9 
2 . 0 





FREQUENCY FOR FUNCTIONS DERIVED FROM P (x) 
4 
Log Magnitude (dB) Phase Angle (De g) 
- 2.468984696 0.0 
- 2 .146510406 - 14.56889282 
- 1 . 268712737 - 32.162226 
- 0 . 2667511255 - 55.8954822 
- 0 . 0920050619 - 85 . 39241112 
- 1.134944365 -113.0533714 
- 2 . 426548185 - 134.1142497 
- 3.010166044 - 151.1862616 
- 2.276604592 -1 70.3782636 
- 0 .. 198309154 -207 .4628188 
- 3.010283314 -2 71.6081295 
- 9.986991229 -303.3907751 
-- 15.63133786 -316.4312746 
- 20 . 14680693 - 323.5906026 
- 23.93480787 -328.2802017 
- 27.22292925 -331.6771315 
- 30.144 0312 -334.2951866 
- 32 . 78334998 -336.3983753 
- 35.19644656 -338.1383437 
-37. 42389617 -339.6096653 
-39. 49539958 - 340.8750613 










Log 1agni tude {dB) 
- 73.35426925 
- 76 ,. 7 266961 
--79.79596548 
50 
Phase Angle (Deg) 
- 352.9780911 




LOGARITHMIC MAGNITUDE A D PHASE ANGLE AS A FUNCTION OF 
Frequency 
0 . 0 
0 . 1 
0 . 2 
0 . 3 
0 . 
0 . 5 
0 . 6 
0 7 
0 . 8 
0.9 
1 . 0 
1 1 




1 .. 6 
1.7 








FREQUENCY FOR FillCTIONS DERIVED FROM BW (x) 
5 
Log '1a.gni tude (dB) 
0 . 0 
- 0 . 0000000005 
- 0 000000 451 
- 0 . 0000256454 
- 0.0004553682 
.... 0.0042390892 
- 0 . 0261810546 
- 0 . 1209767297 
- 0 . 4 29439416 
- 1 . 29908415 
- 3 010299957 
- 5 .55 5 69509 
- 8 . 568337622 
- 11 . 69846272 
-1 . 760 0915 
-1 7 .. 68379364 
-20. 5131858 
- 23 . 0663813 4 
-25 . 53939703 
- 27 . 88243783 
-30.10723866 
- 39 . 7944562 

































5 . 5 
6.0 
TABLE 13--Continued 
Log Magnitude (dB) 
- 69 . 89700038 
-74.0 3626912 
- 77 . 81512511 
52 
Phase Angle (Deg) 
- 412.72472862 
-416.14429972 
- 418 . 98702291 
53 
TABLE 14 
LOGARITH 1IC MAGNITUDE A D PHASE A GLE AS A FUNCTION OF 
Frequency 
0 . 0 
0.1 
0.2 
0 . 3 
0. 
0.5 
0 . 6 




1 . 1 
1 . 2 
1 . 3 
1 
1 .. 5 
1 . 6 
1 . 7 
1 . 8 
1 . 9 
2 . 0 
2 . 5 
3 . 0 
3 5 
4 0 
4 . 5 
FREQUENCY FOR FUNCTI ONS DERIVED FROM T ( x) 
5 
Log 1agnitude (dB ) Phase Angle (De g) 
0 . 0 
0 . 9010054397 
2 . 340685 366 
3 . 005435845 
2 . 507061366 
0 . 969100099 
0 .. 0249077527 
1 . 61391955 
2 . 997792308 
1 60120877 
3 . 010299986 
- 13 54212031 
- 21 . 0596199 
- 26 84435834 
- 31 . 637841 4 
- 35 . 77865041 
- 39 . 4937847 
- 42 . 7610 683 
- 45 . 78702674 
- 48 . 57881147 
- 51 . 174204551 
- 62 . 0246 3046 
- 70 . 53453773 
- 77 . 574456 3 
- 8 3 .. 59 333 339 
- 88 . 85 727446 
0 .0 
34.58485548 
- 59 . 520 62477 
- 78 .34 554163 
- 9 7. 206 7914 5 
-123.5367943 
-164 .. 449 2197 
-204.95629 7 
- 2 32. 9245355 
- 266.1 315699 
-355.5 8510 71 
- 396. 39104 7 38 
- 409. 0 5724 359 
-415. 70192918 
- 420 . 04 575038 



























LOGARITHMIC MAG ITUDE AND PHASE ANGLE AS A FUNCTION OF 
Fre uency 
0 .. 0 
0 . 1 
0.2 
0 , 3 
0. 
0 .. 5 
0.6 
0.7 







1 . 5 
1 . 6 
1.7 





3 . 5 
4.0 
4 . 5 
FREQUENCY FOR FUNCTIONS DERIVED FROM U ( x) 
5 
Log 1agnitude (dB) Phase Angle (Deg) 
0 . 0 
0 . 54 314399 35 
1 . 460764026 
1 . 819331897 
1 .. 279553868 
0 . 2214336523 
0 . 3193307842 
2 . 0 30771973 
3 . 00862 805 
1.260732611 
3 010299871 
- 13 . 1043600 3 
- 20 . 44949419 
- 26 . 1384238 
- 30 . 86803377 
- 34 . 9626041 
38 . 59823516 
- 41 . 88239971 
- 44 . 88631086 
- 47 . 66005609 
- 50 . 2404781 
- 61 . 04361114 
- 69 . 52934113 
- 76 . 555149 24 
- 82 . 56 504696 
- 87 .82 291063 
0. 0 
- 31.1544 8882 
- 56 . 37007292 
- 77.51357943 
- 99 . 8 7257304 
- 130. 1642308 
-169.7485434 
- 204 . 1884626 
- 229. 9454999 
- 263. 8371584 
-350 . 8976055 
-391.22826318 
- 40 4 . 42719433 
- 411.5001359 
- 416 . 18856261 
- 419.63696845 
-4 22. 3299 3561 
- 4 24.5160046 
-426.33941018 
- 427 . 89128563 
-429.23287305 
- 4 33.9587982 
- 4 36 . 8654 368 
- 438 . 85578944 
- 440 . 31145022 
-441 . 42532048 
Frequency 
5 . 0 
5 . 5 
6 . 0 
TABLE 15--Continue d 
Log Magnitude (dB ) 
- 9.2.49977011 
96.71337471 
- 100 . 5485028 
56 
Ph ase Angle (Deg} 
-442.30649272 
- 44 3. 02167986 
- 443.61412101 
TABLE 16 
LOGARITHMIC MAG ITUDE AND PHASE ANGLE AS A FUNCTION OF 
FREQUE CY FOR FU CTIO S DERIVED FROM C ( 
2
) ( x) 
5 
57 
Frequency Log agnitude (dB) Phase Angle (Deg) 
0.0 





















3 .. 0 
3.5 
4.0 
4 .. 5 
0.0 
0 . 4105757007 
1 .. 11072555 
1.33919218 
0 . 8219 34917 
0 . 05 5699791 
0.5313515313 
2.202688877 
2 . 997782692 
1.1666197 5 
3 . 010299848 
- 12.89666048 
- 20 . 15751265 
- 25.79921319 
- 30 . 4971 645 
- 34.56866548 
- 38.18672224 
- 41 .. 5706382 
- 44.44984941 
- 47.21447686 











-1 32 .. 890089 
-171.0183109 





















5 . 5 
6.0 
TABLE 16- - Continued 
Log Magn i tude ( dB ) 
- 91 . 99300401 
- 96 . 2049781 3 
-100 .. 0388716 
58 
Phase Angle (Deg} 
-441.74645771 
-442. 5128003 
-44 3.14 7817 33 
TABLE 17 
LOGARITHMIC MAGNITUDE AND PHASE ANGLE AS A FUNCTION OF 
FREQUENCY FOR FUNCTIONS DERIVED FROM C ( 
3
) ( x) 
5 
59 
Frequency Log agnitude (dB) Phase Angle (Deg) 
0.0 
0.1 
0 . 2 
0 . 3 
0 . 
0 . 5 
0 6 
0 .7 
0 . 8 
0 9 
1~0 
1 . 1 














0 . 0 
- 0 .3460449645 
- 0 .. 9349771094 
- 1.096877501 
- 0 . 6043271356 
- 0 . 0101787189 
0 . 6703524607 
.... 2 . 308870814 
- 3 . 006131354 
- 1 . 125984977 
- 3 . 010 30015 
-12.79290311 
- 20 . 00845758 





















-227 . 0740297 
- 261.5870491 
- 346.9470238 


















6 . 0 
TABLE 17--Continued 
Log Magnitude (dB) 
-91.72052005 
- 95 . 93152368 
- 99.76468189 
60 
Phase Angle (Deg) 
-441.42034573 
-442.21641471 
- .. 42 . 87618631 
61 
TABLE 18 
LOGARITH 1IC GNITUDE AN D PHASE ANGLE AS A FUNCTION OF 
Frequency 
0 . 0 
0.1 




0 . 6 
0 . 7 
0 . 8 








1 . 7 
1 8 





4 .. 0 
4.5 
FREQUE CY FOR FUNCTIONS DERIVED FROM H (x) 
5 





- 0 . 0732090024 
- 0 . 136 3216466 
- 1.212556888 
- 2 . 597291593 
- 2 . 9147112 
.... 0 . 9037525129 




- 29 .41582985 
-33 . 4170738 
- 36 . 98123118 
-40.20896415 
- 43 .16731004 
-45.90361195 
- 48 .45282022 
-59.15648381 
- 67 .59083214 















-393. 87797 262 




-417 . 27540045 
- 419.51507036 





- 437 . 27700461 
- 438.72964981 
Frequency 
5 . 0 
5 . 5 
6.0 
TABLE 18--Continued 
Log Magnitude (dB) 
- 90 . 4894984 
-94 . 69627467 
- 98 . 5262296 
62 
Phase Angle (Deg) 
- 439 . 88142529 
- 440 . 81776867 
- 441. 59435336 
63 
TABLE 19 
LOGARITHMIC MAGNITUDE AND PHASE ANGLE AS A FUNCTION OF 
Frequency 
0 . 0 
0 .1 
0 . 2 
0 3 
0 
0 . 5 
0.6 
0 7 













2 . 5 
3 . 0 
3.5 
4 . 0 
4 . 5 
FREQUE CY FOR FUNCTIONS DERIVED FROM P ( x) 
5 
Log Magnitude (dB ) Phase Angle (De g) 
0 . 0 
0 . 6700505763 





1 . 876277887 
3 009966249 
1 . 33863034 
3 . 010299984 
- 13 . 27549035 
- 20 .. 68883797 
- 26. 1580718 
- 31 .17083881 
- 35. 28385092 





- 61 . 43098516 
- 69 .. 92645499 
- 76 .95795367 










- 231 .2421764 
-264 . 830587 
-352.8340822 
- 393 . 34719291 








- 430 .31694309 
- 434.81928082 
-437.57955479 




5 . 0 
5 . 5 
6 .. 0 
TABLE 19--Continued 
Log agnitude (dB ) 
- 92 . 91039183 
97 .. 12527538 
- 100 . 9613726 
64 
Phase Angle ( Deg} 
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Fig. 1. agnitude response of the filter function derived from 
(2) (3) 








Fig 2 . Phase response of the filter function derived from 
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Fi g . 3 . Magnitude response of the fi lter function 












Fig. Phase response of the rilter function 
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F i g .• 7 . Magni tude respon s e of the filter function 
















Phase res onse of the rilter function 
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Fig 0 Phase response of the filter function derived from 
(2) (3) 
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Fig. 12. Phase response of the filter function 
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Fig . 1 ' . Phase r e s ponse of the filter function 
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Fig. 16. Phase response of the filter function 
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Fig . 17 






Magnitude response o f the filter function 
(2 ) 















Fig. 18 . Phase response of the filter function 
( 2) 
derived from c4 (x) 
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Fig . 20 . Phase response of the filter function 





- 1. 0 
--2 . 0 














1 . 0 2 . 0 3 . 0 . 0 5 . 0 6 . 0 
0 0 
- 20 . 0 
- 0 ,. 0 
- 60 0 
- 80. 0 
-100.0 








(x) The magnitude r e sponse of the filter function derived from 


















0 . 2 
- 1 0 
-2 . 0 




1 . 0 
- 20 . 0 
- 0 0 
- 80 . 0 
-100 0 
0 . 4 0 . 6 0 . 8 
2 . 0 . 0 
1. 0 1 .2 
5. 0 6 . 0 
~ 





Fig . 23 . Magnitude response of the f i lter function 
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Fig . 2 . Phase response of the filter function 
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Fig. 26. Phase response of the filter function 
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agnitude response of the filter function 
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Fig. 28. Phase response of the filter function 
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Fig. 29 . Magnitude response of the filter function 
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Fig. 31. Magnitude response of the filter function 
(2) 














Fig . 32. Phase response of the filter function 
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Fig. 3 3 . Magnitude response of the filter function 
( 3) 















Fig . 34 . Phase r esponse of the filter function 
( 3) 
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(x ) The magn i t ude r e s pons e of the filter function derived from 
T
5
(x ) is shown as a dotte d line for comparison. 
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Fig., 37. Magnitude response of the filter function 





















Of all the var1ous new f il t er functions explored, one family 
stands out as having po tentially very useful behavior. These filter 
fllilctions are the ones b a se d upon t h e Hermite functions. 
The Hermite functions yield filte r functions which are in a 
sense ·ntermediate between t he p roperties of the Butterworth functions 
and the Ch ~ebyshev f net ion s , which are in common use today. (Through-
out this chapter, a reference t o Chebyshev functions means Chebyshev 
fW1ctions of the first k i nd . ) Looking at the magnitude responses of 
the fourth and fifth order Hermite f unctions, it can be noted that the 
rolloff in the stopband is almost as good as that of the Chebyshev 
functions . This rol loff is mu ch better than that of the Butterworth 
functions In the passb and (0 < Q < 1 ) , all the dips in the magnitude 
function are relatively mild e xc ep t for the last one. Thus, the magni-
tude response in the passband is better (smoother) than that of the 
Chebyshe v f un ction, but not as good as that. of the Butterv1orth 
function. 
Anothe r very significant advantage of the Hermite functions 
ove r the Che byshev f unctions is shown by the following two pole-zero 
p l ots, Figures 39 and 4.0. They show the pole locations for fourth and 
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Fig . 39. Pole- zero, plot. of the fourth order Hermite filter and 
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the fifth prder Chebyshev filter (of the first kind) 
105 
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the poles of the Hermite function lie to the left of the corresponding 
poles of the Chebyshe v functions. Thus, an incremental change in ·pole 
position causes a smaller effect on the Hermite function's magnitude 
and phase response than it would on the response of a Chebyshev 
-
function.. The Hermite function is less sensitive to changes in pole 
position than the Chebyshev function. On the other hand, Hermite 
functions are more sensitive than Butterworth functions. 
In comparing the phase responses of the Hermite and Chebyshev 
functions, it can be seen that they are very similar. Both suffer from 
the same disadvantage; they both have extremely rapid phase shifts in 
the frequency range just to either side of cutoff frequency. The 
B tterworth functions have a much better phase response. 
he other filter functions developed in this paper also had 
magnitude responses that were better (smoother} than the magnitude 
responses of the Chebyshev functions, but they were not as good as the 
magnitude responses of the Hermite functions. The magnitude responses 
in the frequency range above cutoff frequency are almost identical, and 
the phase responses are also very similar. Therefore, there would 
probably be no need to develop them for use. Either the Chebyshev 
functions or the Hermite functions could be used instead of them. 
Another interesting observation is that all the functions 
explored {except for the Butterworth function} were identical in their 
first three orders. It is only in the higher orders that the functions 
exhibited unique behaviors. 
In summary, several filter functions were explored, one of 
which had especially interesting properties. The Hermite functions 
107 
have a magnitude response in the passband better than .that of the 
Chebyshev functions, a magnitude response in the stopband almost as 
good as that of the Chebyshev functions, and a phase response similar 
to that of the Chebyshev functions. In addition, the Hermite functions 
are less sensitive changes in pole position than the Chebyshev 
functions. As a result, these functions should find application 
whenever the magnitude response of the Chebyshev function in the pass -
band is not good enough for a given application. 
BIBLIOGRAPHY 
Abrarrowitz ilton, and St egun, Ire ne A., eds. Handbook of Mathe-
matical Func t i o n s with Fo rmulas, Graphs, and Mathematical 
Tables . Washingt on , D.C.: National Bureau of Standards, 1964. 
Andrews , Larry C. Orlando, Florida, University of Central Florida. 
Lecture notes . 
Stanley , illiam D. Digi t al Si gna l Processing. Reston, Virginia: 
Reston Publishing Company , I nc., 1975. 
108 
